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Anomalies in Multifractal Formalism for Local Time
of Brownian Motion

G. M. Molchan'
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The Renyi function for the logical time measure ¢ of Brownian motion is found.
It is shown that this function, the Legendre transform of the multifractal spec-
trum of u, and the r-function derived by the reciprocal measure formalism are
not identical. More examples of ¢ having similar anomalies are discussed.

KEY WORDS: Multifractals; generalized Rényi dimension; fractal Brownian
motion; subordinators,

1. INTRODUCTION

Parisi and Frisch®® introduced the concept of multifractality for probabil-
ity measures. By definition a measure ¢ on J=[0, 1] has the multifractal
property, if the subsets J, of points of J having identical local dimensions
a (see ref. 21) are fractal. In that case the dimension function dim J, = f{«)
is the multifractal spectrum of 4. Many examples of multifractal measures
(see refs. 3. 6, and 20) have the function f{«) concave in some subinterval
of R, . The spectrum can then be found with the help of the so-called mul-
tifractal formalism and box counting arguments as follows

Say=1*a),  f*(¢g)=1(q) (1)

where (*) is the Legendre transform operation, while 7 is a Renyi function
of the form

75(q)= lim log Zu!(4M)flog 4y gl <o (2)
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Here, y = {4’} is a partition of the J consisting of equal intervals of size
Ay =1/N, the summation involving the terms with x(4;) #0. Since (2) uses
a partition that involves elements of fixed size, we shall reserve the name
of the box t-function for 7, and accordingly, the notation 7. The func-
tional (2) naturally arises in the theory of fully developed turbulence when
analyzing the spatial intermittency of dissipation energy.®

Proceeding on analogy with the Hausdorff and the packing dimension
definitions, Hulsey et al'® and Olsen®" put forward alternative defini-
tions of the z-function. Those definitions are suitable for arbitrary covers y
of the support of 4, and are more natural in view of the multifractal for-
malism (1). Let p(8)={4,, |4,| <3} be the cover of the support of u and

(g, ) =sup inf Zui(4,)/|4;|" (3)

8§>0 y(d)

where 0=o00, | or 0, when g<0, =0, or >0, respectively. The critical
value of 7 such that

?(q, r)={80s > 74(q)
, T<14(q)

is the desired alternative®V to (2). It is usually assumed that 1,=1, in
most cases of interest.!” This hypothesis is confirmed for a broad class of
measures.?!

Alongside the box counting arguments (1, 2) there is another method
of practical interest for calculating f(a). Take two reciprocal measures u
and /2 on R;" which means, that the function x([ 0, x)) is inverse to A([0, x))
and conversely. Heuristic arguments lead to the following relations between
the (7, /) characteristics of reciprocal multifractal measures:

~

fly=af(l/a), t(g)=—~[—1(q)]" (4)

where ¢~ is the inverse function to ¢. A substantiation of (4) for some
class of measures is announced in ref. 24. For example, Cantor’s staircase
has a two-point multifractal spectrum: f(ay) =a;=1In2/In 3 and f(0)=1,
while its reciprocal measure has the spectrum®! exactly as given by (4):
J(1/a)=1 and f(0)=0.

This paper is a study of the 7z-function for the local time measure
L, (dt) of fractional Brownian motion (FBM) with an arbitrary self-
similarity index He (0, 1). We shall find 74(¢g) for ¢ >0 in the general case
and for |¢g| < oo for Brownian motion (H =1/2). Interest to this problem
had arisen in connection with Ya. Sinai’s query concerning the multifractal
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nature of zeroes in Brownian motion;*> this was discussed on a Sinai-
Frisch seminar in 1993. The results reported in refs. 5 and 15 show that the
spectrum f{a) is nontrivial for the local time measure of Brownian motion
or, more generally, for functions that are reciprocal to stable Levy subor-
dinators. Information on the spectrum f(a) of Levy subordinators them-
selves can be gathered from ref. 12. Consequently, calculations of 7, for
Lyp(dt) show that Ty #75# —[ —1]7; that is to say, in particular, the box
7-function does not contain information on the multifractal spectrum of
local time measure of Brownian motion. The fact of irregularity in so
natural a classical object should be of interest in physical applications
where (2) is frequently the basic method® for calculating the r-function
which is used to analyze f(«).

The paper is organized as follows. Section 2 contains calculations of
the 7 z-function for fractional Brownian motion when ¢ > 0; in Section 3 7,
is calculated completely for Brownian motion; Section 4 is a discussion.
The final statements for Sections 2 and 3 are relegated to the Appendix.

2. RENYI FUNCTION FOR FBM LOCAL TIME MEASURE

Let x,(t), xz(0) =0 be a continuous centered gaussian process whose
structural function is E |x(1) —xux()?=1r—s?", 0<H<1, ie., x, is
fractional Brownian motion. Denote the local time function xg(r) by
Lg(t):

Ly(1)=lim lmes{se(O,t): |xg($)| <&} (3)
£l0 2¢

It is a known fact® that L, can be chosen to be a nondecreasing con-
tinuous function.

The process x is stochastically self-similar, i.c., x, (i) < Ax (1)
where < stands for equality in the sense of finite dimensional distributions.
From this we obtain by using the definition (5} of L 4(¢):

Ly(ity £ 3PL,(1), D=1-H (6)

The self-similarity index of L, also determines the dimension of the
topological support of measure dL,(t), which is in turn identical with the
set of zeroes in the process x,.'* Let

N—1

Zalg, T)= Z [Lyltin ) —Lplt)]? t;=Ti/N (7)

i=0
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be the function of uniform partition of (0, 7). By (6)

N-—1
EMg. T) S A9 Y [Lulk+1)—Ly(k)]%  Ay=T/N  (8)

k=0

where the prime means that the summation runs through those indices
k such that L, (k+1)—L,(k)>0. For this reason the study of scaling
properties for structural functions (7) of dL 4(¢) reduces to the same issue
for sums of the type (8)

Theorem 1. (a) When ¢ =0, one has

. log EZN(‘Ia T) _
Jim, STt g

(b) When ¢=0and N=2Xk=1,2,., then

lim sz(q—l) a.s. (10)
Noow  logdy

Note. In 1993 U. Frisch gave heuristic reasons in favor of (9) for
integer ¢ > 1. Special studies of stochastic cascade measures*'® show that
limits like (9) and (10) do not necessarily coincide even for ¢ such that
E2 (g, T) < oo. The belief that space and ensemble averages can be sub-
stituted one for another leads to a false interpretation of Kolmogorov’s
lognormal hypothesis in turbulence.!”

Theorem 1 is based on two statements to be proved in the Appendix.
The first statement is essentially due to Kahane,!'® although not in the
present form.

Statement 1. For integer ¢ =1 and >0, the following estimates
of the moments m(t) = E |Ly(t+ 1) — Ly(1)|? are true:

§DbY g~ Pp, <m (1) <a%bq?*T(q+1) p, (11)

where p,=min(1, 1 =¥) and the constants a,, b5 depend on H only.

Corollary. Where exist constants A, ¢, and ¢y such that
P{Lyglt+1)—Ly(t)>x} <cexp(—ix**) p,, x>1 (12)
P{Ly(t+ 1) —Ly(1) >0} >cyqt™H, t=1 (13)
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Let us prove this corollary. Relation (12) follows from the Chebyshev
inequality in the form P(¢& > x) < Ep(&)/p(x), where = Ly(t + 1) — Lg(t),
and @(x)=exp(Ax¥*)—1—ix**>0, x>0. For indeed, since y(u)=1—
(1 +u)e™*is an increasing function, it follows that

Vp(x)=e P ip(ax?P) < e *pp(d), x> 1

It remains to evaluate

2k

Ep(é)= ¥ 2 mamudd) (14)

k=2

Because the moment function is logarithmically convex, one has
m(2/3)k<m;;e/3m;/q3+l, k=3g+e &=0,10r2
From the upper bounds (11) one gets
Mopye <Ay "2y, o (15)

where 11, is the upper estimate for m, in (11). Combining (11), (14), and
(15), one finds that the series (14) converges when (24/3)% a%e < 1.

All values m,, g > 1 are proportional to p,, hence the same is also true
for Ep(&).

We now prove (13). Let u,() denote conditional moments of ¢, given
E#0, and let p=P{&+#0}, then my(1)=pu,1). Hence mi(1)/my(1)=
Piti /i, < p. Substituting in this expression the lower estimate of m, and the
upper estimate of m,, one gets the desired estimate of p, see (13). |

Statement 2. There exist 7,=1y(H) and ¢ = ¢(H) such that, when
t>ty,

P(Ly(t+1)—= Ly(t)>0)<ct=#(In 1)"? (16)

When ¢ > 16e, one may put ¢ = 30.

Proof of Theorem 1. From (11) it follows that one has m,(¢) = (—H

for integer ¢, i.c., ¢, t ™ <m(t)y<cr t—H, ¢, > 0. Since the moment func-
tion is logarithmically convex, these estimates still hold for noninteger

g = 1. So one gets from (8)

N1
EXy(q, T)=<4%p Y t™#=<4P N'~H (17)
1

t=
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which yields (9) when g> 1. One can prove (9) for all 4= 0 by merely
verifying that relation for ¢ =0. From (13) one has

N—1
ESW(0,T)>cy ¥ 1"#=<NP, D=1-H
1

=

and from (16)
EXW0, T)<c,NP**, VYe>0 (18)

Since ¢ is arbitrary, these estimates prove the first statement of Theorem 1.

We now prove (10). A standard application of the Borel-Cantelli
lemma to (18) gives Z'y(0, T) < NP+ N> N,(w) a.s., where N assumes
the values in the sequence N =2% k=1, 2,... Hence one gets

. log (0, T)
d=1 — K
woreats  logN

considering that ¢ is arbitrary. The value of 2(0, T} determines the number
of elements in a uniform partition of (0, T') where the local time increment
is different from zero. Therefore d>d, , where dp,, is the lower box
dimension of Z(x,, T'), the set of zeroes or x in (0, 7). However, d;_,
is larger than the Hausdorff dimension of Z(x,, T), which equals D.!!3)
Consequently, we get

lim log 2°\(0, T)/log N=D a.s. (19)

N=2¥> oo
We are going to show that

lim log Zp\(1, T)/log 45=0 a.s. (20)
N—-

One has XY y(1, T) = L,(T). Consequently, (20) is true, when p := P(L(T)
=0)=0. For, by virtue of (6) the events A,={Ly(T/n)=0} have the
same probability p, Now event 4, entails 4,, n> 1. Consequently, 4, c
limsup 4,=A,. Event 4, belongs to the g-algebra of events generated
by xz(¢) in an infinitely small vicinity of + =0. This algebra is trivial (see,
e.g, ref. 18 where a canonical representation of {x(t), 1 >0} was derived).
It follows that p(4.,)=0 or |. Now one has, 4, A4,.. and p(A4,)= p.
Consequently, p{4,)=p=0 or . Since L(T)#0 as., one has p=90.

Let 7o(q):=log Zx(q, T)/log 4. The function ¢ — 7,(g) is concave.
Consequently, t4(g), g=1 (0 <g<1) lies below (above) the straight line
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that connects the points (g;, Ty(g;)), ¢,=0 and ¢,=1, ie, TH(¢)<
0N —q)+10(1) g, ¢ = 1. However, lim 7(0) = —D a.s. as N=2¥ - oo,
while lim z4(1)=0 as. Consequently, lim supy_._, o Talg)<D(g—1),
g=1, and

liminfty(q)>D(g—1), qe(0,1) 1)

From (17) it follows by the Chebyshev inequality and the Borel-Cantelli
lemma that

Znlg, T)< ARla=D—e, N=2k k> ko(w) as.

Hence liminfy_yt_, o Talq)=2D(g—1), g=1. Thus, there exists a.s.
limty(g)=15(q), g=1, as N=2% - o0, and t4(¢)=D(¢—1).

Similarly, take ¢,=1 and ¢,=2 in the case g (0, 1). Let /y(g)=0
be the equation of the line that connects the points (g,, To{g,)), then
() <In(q), g €(0, 1). It follows from the above that /y(g) — D(¢ — 1) ass.
Hence limsupy_ ¢ o Talq) < D(g—1), 0<g<1. The use of (21) will
yield the second statement of Theorem 1. |

3. RENYI FUNCTION FOR LOCAL TIME IN
BROWNIAN MOTION

The process xg(t), H=1/2 is markovian. This allows one to define
75 completely. Before we state the relevant result, we refine the estimates
(12, 16) in order to be able to judge how far they may be in error in any
particular case.

Statement 3. When H=1/2,

Ly(t+1)=Ly(t) = (In 1=/t 2D+ (22)

where x . =x-1,,, and {#,} are standard independent gaussian variables.
Corollaries. (i) One has

¢,=P(Ly(t+1)—Ly(t)>0)

2 rx 2
=_j (L+x3) " Tde~21""2 150 (23)
4 \/7 T
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(i) If F(x) is the distribution of &=L(f+1)—Lyu(f), then
dF(x)/dx =d8(x)(1 —q,) + f,(x), where

/ 1 x*\ 2
ft(x)/QI=lP< 7_+t__l‘x>€xp<—5til>.;(l+t)—l/2 (24)

and

'p(x)sz exp( —u?/2) du = lim f(x)

x t—

Proof. Let M(a, b)=max(x,,(t), te(a, b)). According to Levy,"'!
L,;(t) and M(0, ¢) are stochastically equivalent processes. Hence

E=L(t+1)—L(t) L [ M, t+1)— MO, )], < [ MO, 1)—M(—1,0)],

The last relation incorporates the fact that the increments of x,,(r) are
stationary. Because x,(¢) is mgrkovian, M(0,1) and M(—¢, 0) are inde-
pendent. One also has M(0, a) = |a|'/? |5|, where # is a standard gaussian
variable. That proves (22). Relation (23) immediately follows from (22),
because ¢,= P(|n, /172|>\/-t_ ), while #,/n, has a Cauchy distribution.
Relation (24) obviously follows from (22). |}

Let J,=[J, Jr+1) be consecutive integer intervals in which the
Wiener process w(f) = x,,(f) has zeroes, j, =0, while /, is the increment of
local time L,;(t) in J;. Suppose J, + ji is the position of the first zero of
W(t) in Jk70<6k< 1,(;1 =0,

Statement 4. The sequence (/,Jd,.,) forms a homogeneous
Markov chain with a transition probability density p(/,d|d')=p(l, =1,
Opp1=0l_y=1',d,=0") which is strictly positive on the entire phase
space [0, o0} x [0, 1), and

2 d [y 1 )
pLo|1—p)=— ——[M( —-——>(p+y)—1/2} o142
ny=k+§,k>0 dy P+)’\//;

(25)

where

M(u) =2 J e~ dx

u
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while one-dimensional invariant distributions are defined by the densities

pi(x) =fw e P du=¥(x), xel0, o) (26)

X

and
pa(x)=3%x""2 xe[0,1) (27)

The proof of Statement 4 is relegated to the Appendix. It applies to all
processes L(¢) that are reciprocal to stabile Levy processes of index
ae(0,1),

Theorem 2. For local time measure of Brownian motion there is
the a.s. limit

= 1 _——
w5(9) N o log 4 2

min(q — 1, 2¢)

Proof. Let g>—1. One has Zy(q, T) S A9 Y% 14, where vy is
the number of intervals J, =[j, jr + 1) of a total of N = T/4 that contain
zeroes of Brownian motion. It follows from Statement 4 that the sequence
{1} can be embedded in a homogeneous Markov chain {(/;,d,, )} with
a positive transition probability density and a positive stationary density.
From this one concludes!® that, almost surely,

292 ((g/2)+1)
X =—"——=c¢, n— o
k=1 0 q 1

It was shown above, see (19), that v;— o0 a.s.
Consequently, vy' 37 11— c, as. and so

s 3
log 2w 1) _ s 4 tim log ) 19/log 4y
N oo

N=2kso logdy k=1
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Let g < —1 and {/,} be nonzero increments of local time in subintervals of
(0, T') of length 1/N. Using the inequality

(Zx)'<Zxt, O<h<l, x>0 (29)

one gets X119 < (ET7 19"V Choose / so that |¢| h=1—e¢ From (28) it
follows that /v | T7 =2 < A5, N> Ny(w).

Hence X7 1 < NYh= NW/1=2 N> N(w). Since ¢ is arbitrary, we
get

. log Z'n(g, T)
lim sg}p log 1/dy < gl a.s., g<—1
We are going to prove the converse inequality by using this author’s
results.'> First, we delete in the interval (0, T') all adjoining intervals of
the zero set Z(w(¢), T') that are longer than 4. The remainder will consist
of connected intervals d; (4-clusters of Z). The points of the lattice {i 4y}
divide the cluster J, into intervals dy,..., Sp,), # = 1. The increments of
local time in these intervals are identical with the increments of L,,(dt)
in the corresponding cells AN 53, Thus, L(Sx) =T+ -+l
where ;= L(dy,). By (29), [L(3,)]1 " < T\ + ... +72M |g|>1, and
STl > SL(8,)]17", 6,€(0, T). From ref. 15 it follows that, for any
>0, X[L(5,)] ' > N9~2 N> Nyw), as N =27 - owo. Consequently,

lim inf °82¥4 1)
N=2>w logl/dy

> g

which proves Theorem 2.

4. DISCUSSION

It was shown above that the Renyi function for the local time measure
of Brownian motion is

tp(q) =a min(q — 1, 2¢) (30)

where « = 1/2. Indeed, one can assert (see ref. 15 and the proof of State-
ment 3) that (30) holds for measures Z,(dr) that are reciprocal to stable
Levy processes H,(¢) with index ae (0, 1). What is the relation between
75(q) and the multifractal spectrum of %,(dt)? Let {J,} be the cover of the
topological support of %,(dt) with e-clusters, d,. The cover is obtained by
eliminating from a line all open intervals of length > ¢ between the points
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of the support. Following (3), we found"'® such critical values 7{%(¢) of ¢
that

0, r<rt,

fim 3 126010, "= {2 31)

where
t8(g) =amin(g -1, 39) (32)
The e-clusters for %, have lengths ranging between ¢ and ¢'* in order of

magnitude. However the Renyi functional (2) with |4| =¢ associates all
increments L(J,) with intervals of length e. For this reason the use of a
functional like (31) to calculate the 7-function becomes essential to describe
the multifractal spectrum of %,. A similar situation must occur for cascade
measures with an infinite number of generatrices. For these models see
refs. 14 and 24.

Box counting arguments show!!® that the multifractal spectrum of
ZLdt) is

3a—2h,  he(a, 3a)

— o0, otherwise (33)

7o ={

The justification of (33) is supplemented in ref. 5 with the case a = 1/2.

It is easy to see that (32) and (33) are consistent, since f/V*(g)=
®(q). However, 7,(q) #15(q). For this reason a formal application of
multifractal formalism to tyz leads to the conclusion that Holder’s
exponents for Z,(dt) are in the interval («, 2a) rather that in («, 1.5x). We
note that the z-functions (30) and (32) lose smoothness at different points:
g= —1 and ¢= —2, respectively. The former (¢ = —1) is critical for the
existence of negative moments of % (4). However, because of the strong
dependence between L. (J,) and J,, that critical point is considerably
shifted to the left when (31) is used.

We now turn to the formalism of reciprocal measures. The multifractal
(m.f.) spectrum of paths for H,, a e (0, 2) was found in refs. 12 and 22, We
note however that the m.f. spectrum of an increasing function and that of
the associated measure are generally different. According to ref. 12, ¢(¢) has
a smoothness (Holder’s exponent) of order 4 at ¢, if there exists a constant
¢>0 and a polynomial p, of degree at most [ 4] such that |g(1)— p, (¢)| <
¢ |t—to)" in a neighborhood of ¢,. By definition, the supremum of such 4
is a local dimension of g(¢) at the point ¢,. But, for the measure dg(¢), the
degree of p, is always chosen to be zero. Therefore, the functional m.f



210 Molchan

spectrum of H, must be identical with the m.f. spectrum of dH, when h <1
and must be not less that this when 2> 1.

The paths of H,, 0 <a <1 are described by a multifractal spectrum?
of the form

oh, O<h<l/a

—w0, h>1jx (34)

F(h)={

Hence the m.f. spectrum of dH, must be ¢ (h)=ah for he(0,1) and
g lh)<ah for 1 <h<l/a. But then, the formal m.f. spectrum of the
reciprocal measure is @ (h):=he,(1/h)=a for h>1 and @ (h)<a for
a<h<1.In turn, the Legendre transform ¢, is $F{¢) = — oo for ¢ <0 and
g—a<@pXq)<alg—1) for ¢>0. The functions @, (h) and @X(¢) are
sharply at variance with (33) and (32), respectively, indicating that the
formalism of reciprocal measures is inapplicable to Z,(dr).

This circumstance should be borne in mind when describing the solu-
tion structure of the inviscid Burgers equation with random initial velocity
v(t), refs. 25 and 26. The solution can be described in terms of the convex
hull C(1) of the function y(r) =¢*/2+ {§v(t) dr, 1> 0. 1t has recently been
shown‘® that, when v is a Wiener process, the inverse (reciprocal) function
of C'(t), is a Levy process H(t) with the characteristic function

exp(s(y/20+1—1))=E exp{(H(t +s5)— H(1)) 0}

The Levy intensity function for jumps in H(t) is A(x)=(2n) V2 x"3%x
exp( —x/2), this being different in the exponential factor alone from the
same characteristic of the process H,, a = 1/2, A(x) = cx~*% That circum-
stance does not affect the multifractal properties of Levy processes.(!?)
Therefore, (34) with a=1/2 describes the functional m.f. spectrum of the
solution of the Burgers equation for a fixed r =1¢,. It is of interest to know
a m.f. structure of the support of the reciprocal measure dC(t), (see refs. 25
and 26). The support consists of the so-called Lagrange regular points,
which give the positions of those fluid particles which have not collided
with other particles up to the time t=1,. In view of the above, the m.f.
spectrum of these points in terms of dC(z) must be described by (33) with
o=1/2.

5. APPENDIX: AUXILIARY STATEMENTS

Proof of Statement 1. This proof essentially relies on Kahane’s
spectral technique!'® developed by him to study local time in fractional
Brownian motion.
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The local time measure dL () can be defined in terms of generalized
functions:'¥

1 ) )
— A v _ ixg(ty A 14
dL,,,(t)—0(,\,7,(t))aft——27r 'fe HO4 A dt

For this reason one has for integer ¢

my(t)=E[L{t+1)—L(1)]?

t+1 0 q
=(27t)“’EJ d"sj di exp <1' Y xuls) /i,-> (A1)
! - i=1

where d“x = dx,,..., dx,. Since x(¢) is gaussian,

Eexp <iix,,(sj))vj>=exp(—%‘1’()»,s)) (A2)

1

where

q 2
YA s)=FE | Y Axpuls;)

j=1

Let us use the spectral representation of x,(7)** in terms of complex-
valued white noise Z'( y):

alt)=d g [ (e = 1) |y~ 2 az( )
where d3,= —4I'(—2H) cos nH. Hence

2
W s)=d;? | |y] =28 gy (A3)

q

oY
Y. Aet
j=0

where o= —314,, 5,=0. Combining (Al, A2, A3), one gets

r+1 e 9]
m,(1) =(27z)“’J d"sf di.exp(—3¥(4, 5)) (A4)

—

Estimate of m, from Above. Let ¢ be a smooth finite function
peC=(|x]<1), =0, p(0)=1 and ¢(1)=[ ™ p(u) du.
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The use of Schwartz’ inequality gives

q 2

e’ Z p((s;—s)je) 4,

j=0

2

j ZA,e™5 g eu) du

< [w zq: lljeiu(sj—s) 2 |u|_l—2Hduf | p2(eu) lu|' 2 du
a5
=cue 2 THY(] )
where
eu=d [ 1p(u)l? lul +2H du (AS)
ie.,

YA, s)= e eyt (A6)

Y o((s;—s)e ) 4
j=0

Let t<s;--- <s5,<t-+1. Put in (A6), successively, s=s,, £=5z11— 54,
k=1,2,... Then, since ¢ is finite, one gets a series of inequalities:

k-1 S — 8 2
l[’(ﬁ,s)>c1;1 [ 41— 8|2 Z (P< . >Aj+lk

. —, , k=1,..,q9—1
j=0 k+1 k (A7)

When ¢ > 1, the constant in front of A, vanishes, because s,=0, s, > > 1,
while s, ; — s < 1. The series of inequalities (A7) will then be supplemented
with (A6) where s=0 and ¢ =1:

2

g—1
¥(a, s)>c;,’t”" Y A+4, r>1
1

When <1, (A7) will be supplemented with (A6) where ¢=s, and s =0,
ie.,

Y4, sy >cg' s 4|2 r<1
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Add all estimates of ¥, ¢ in number. When 7> |, one gets
V(A s)zcentq (s,—s)) 2 A¥2+
+(Sq_sq— )2H/1,*2 | +12H *2] = Y

where new variables have been introduced:

Z (p< S—Sksk>;‘f+'1k’ k=1, g—1

Sk

SF=¥4 1+ Ay, and I=1.
When 7 <1, one has /=0, and the terms *42 will be replaced with
s? A, 4§ =2o. Let us integrate the inequality

exp( —3P(4, s)) <exp(—3¥P*(4,s5))

over A=(A,.., 4,) for s =(s,,.., 5,) in the cone K, = {sit<s; < - <s5,<
t+ 1}. New variables, 1*, will be used when integrating the right-hand side.
Then one gets for > 1

jexp(—— WY(A, $))d < (2ncyq) H Sip1— y~H—H (A8)

When ¢ < 1, the factor 1= will be replaced with s 7. Integration of (A8)
over the cone K, yields

1 q—1
J d"sfexp(—ﬂl’(,{ s))d"i<(2nc,,q)"/2“ u‘”du} kil
K, 0
D%

<Q2nreyq)* D9 H (A9)
where D =1— H. When ¢ < 1, the factor t~# is replaced with 1. The cube
[, ¢+ 1]7 can be divided into ¢! cones K,. Therefore (A4) combined with
(A9) give the right part of (11) with ay = (c;/(2r))2 (1 —H)~' and ¢y in
(A5).

Estimate of m,(t) from Below. One has

q 2

Z ijH(Sj)

Yis, A)=F

2

q
Z (X pls)) —Xg(s))) +AFxg(s)
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where Af =37 4,. The use of Cauchy’s inequality gives
q
#(5. 1)< (3 | ECxils) o1 14117 E (s,
2

q
<q<z 22 |5, — s 4 |32 |s1|2”>
j=2

Hence

1 2n\Y? 4
Jexp(—i'l’(s‘,i)>d”i><;> [T (5= s0) =" Isa] ="
J

ie2

and m (1) >(2r) ™7 (2r/q)** I, where

1 1 dx qg—1 do 1 dH
= Dl_q
fo <J0 |x+0l”> G+ L (1+0)7

>D'71+¢) "> D92 # min(l, t—¥)

Finally, one gets the left part of (11) with by =(27)"'"*(1 —H)™.

Proof of Statement 2. Let us estimate ¢, := P(L{z +1)— L(¢) > 0)
from above. .,
By (6), L(t+1)—L(1) = [L(1 + 1/r)— L(1)] ¢°. Hence

g, <PAted=(1,141t""): x,(1)=0)

<f°° 2P(x (1) € da) P_j(max (x(1) = X(1)) > a) + P(1x(1)] <J)
J

where P_, is the conditional measure of x,(¢) given xg4(1)= —a. Since
xy(1) is gaussian, one has

Xp(8) —xp(1) = p(s) + (bu(s, 1) — 1) xp(1) (A10)

where b(s, s') = Ex4(s) x4(s'), and y(s) is a centered gaussian process that
is independent of x (1), and

E|y(s) =y =Is— 52— [buls, 1) =bu(s', 1)]? (A1D)
Using (A10) and the requirement x (1) =a, one gets

P_g(max (xpy(s) —xp(1))>a) <P(ma} y(s)>a(l—p))
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where p=max, ,(by(s, 1)—1)=max, . (|s]? =1 —(s—1)*))2 ie, p<
1/2 for > 1. Consequently,

q: < P(max y(8)>33) + P(Ixp(1)] <9) (A12)

where the second term on the right is obviously less that 4. Fernique’s
estimate!” will be used for the first term in (A12):

P<maxy(s)>x{aﬁcfw(pd(z—"z)du])s10f ey (A13)
4 1 x

where x > /1 +4 log? c=2+./2, 6% =max,., Ey*(s) and
@3(h) =max(E[ y(s) — y(s)]% s, 5" €4, |s—s'| <h|4])

From (A10) one has o2 <max ., E |xg4(s) — xgz(1)|*=|4]|*" and, from
(A11),

@i(h) <max(|s—s'|*#: 5,5 €d, |s—5'| <hd)=|4* B**

Hence (A13) yields
P(max y(s)>x 417 e(H)) <10 [~ e+
sed x
where

c(H)=1 +(2+\/§)Jwe_umm2d”
1

<1+(24/2)(m/2)?/(2H In 2)'
<15 /2H

Let x and & be such that 4 :=x [4]|” ¢(H) <J, and B:=10 ¢ e < 4.
Then one gets from (Al12) and (A13) the result ¢,<2d. The above
inequalities can be satisfied by setting x = |2H In |4]|'? and 6 = 15 |4]" x
|In |4]|'2 For indeed, when ¢ =|4| ' >2, one has

A<(2H In |4 =)~ 2|41 15/(2H) 2 =5
B<10exp(—x%2) 2/(/x*+2+x)<10/2 4|7 <6
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The estimate of B is based on Komatsu’s inequality: '

e fw e dy <2S2 22+ x)

X

Fernique’s estimate is true when x = [2H In |4|{'? > /5, ie., when *# > 5,
Thus, ¢,<26 =30t /In t when r*# > 5. The statement is proven.

Proof of Statement 4. Markov Property of the Sequence
(/¢r 8k1). The function H(x), which is continuous on the right and is
reciprocal to the local time function L,;(t), is a stable Levy process of
index a=1/2, ref. 11. The process H(x) has independent increments and
possesses the strict Markov property, ie., the process H*(x)=H(t+x)—
H(t) has the same probability structure as H(x) for any stopping time 7
and is independent of { H(x), x <t}, ref. 1.

Suppose d, =0, H,(x) = H(x). Let us define recurrently the quantities
{t;,0,, Hi(x)}, where the function H, is stochastically equivalent to
{H(x), x>0}. One has

t,=inf{x: &;+ H,(x)> 1}, i=1,2,.
H; 1(x)=H(t;+x)— Hi(t))
0,4 = fractional part of (J,+ H,(7,)— 1)

The quantity 7; determines the stopping time for the (continuous on the
right) process H,(x). For this reason, if {H,(x), x>0} 4 {H(x), x>0},
then {H,, (x), x>0} 2 {H(x), x>0} and H,,, is independent of
{t;,0,4,}. The distribution of {7,,d,,,} is completely specified by the
quantity &, and the process {H,(x), x>0} = {H(x),x>0}. For this
reason the sequence {7, d,,,} is @ Markov chain. It is easy to see that, if
one denotes by J,=[j., jr + 1) successive intervals of an integer lattice
where Ly (J,) =1, #0, then 7, =/, and &, ., + j; is the first zero of x,,(¢)
inJe,.

The Distribution of {I,,6,,,). Let H(x) be a stable Levy process
of index ae(0,1) that is continuous on the right, t(h)=inf{h>0,
H/x)>h} is the time of the first exceedance of level A, and K(4)=
H,(t(h))—h is the exceedance itself. When a=1/2, then H,;(x)= H(x)
and the distribution of (t(a), {K(a)} ), where 0 < {K} <1 is the fractional
part of K, is identical with the conditional distribution of (/, d, . ) given
o,=1—a,ae(0,1]. It is therefore sufficient to find the distribution of
(z(a), K(a)).



Multifractal Formalism for Local Time of Brownian Motion 217

For an arbitrary subordinator &(¢) (a Levy process with range of
values [0, co)) one has®

I:=on e—ane—xr(a)—yK(a) da =K(X, ‘1) —K(X, y)
0 (g—y) K(x, ¢)
where
oo t _ _ B
K(x, y)=exp [ = Ble™'—ex»)
o

When &(t) = H, (1), the distribution of H,(¢) has the density
PRxI)=pP(xt~ | 1) 7 *>0, x>0 (Al4)
and the Laplace transform is
Ee™ >0 = exp(—t{cy)*) (A15)

where ¢ is a normalizing constant. Hence K(x, y)=x + (yc)* and

X o o

q—-y c
I:= _ Al6
g—y (cq)*+x (Al6)
Recall that
q"‘—y"‘= O P ek da dk | AL
= b b T e e (AIT)
and
c* ) @
- —qa—xt,(a) d dl A18
=" J, I, e a) da (A18)

The last relation obviously follows from (Al5). Combining (A16), (A17),
and (A18), one gets

(a+k)y=—!

P(z(a)edt, K(a)e dk)=c* (=]

* pifalt) (A19)

where the convolution is over the parameter a. From this one finds the
conditional density p(l,,d,,,]0,=1—a) for the process L,(t) that is
reciprocal to H'®:

2 Llatnto)y—!
pl,dll~a)y=Y% c Sy T—

n=0

* palr)
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When o = 1/2, the distribution p%(a | ) can be found in explicit form:1"
(27) =2 ta=¥? exp(—t?/(2a)) where the normalizing constant is c¢=2.
Therefore, we find an explicit form for (A19), when a=1/2:

2 o wr+1 12 du
P(T(a)>t,K(a)>k):;f\/k/—aexP<— 2 a+k>u2+1

The last expression yields (25).
In the general case a € (0, 1), one finds from (A19) and (A14) the one-
dimensional distribution of K(«):

sin ma dk

P(K(a)edk)= kT k)

(A20)

The Invariant Distribution of (/, 6,,4). The states of the chain
(Iy, 0x4,) are only governed by the state of the second coordinate at the
preceding step. For this reason it is sufficient to find the invariant distri-
bution of §,. We show that, when «ae(0,1), the measure do(d)=
(1 —a)d~*dp, 0<d <1 is invariant for J,. In view of (A20), it is required
to verify

(s o]

sin mo
>

- jl (n+6+1—a) ' (n+8)"*(1 —a)* do(a)=0'(5)
0

h=o0

Expanding (n+J+ 1 —a)~! in powers of | —g and integrating this, one
obtains for the left-hand side: Y2 [(n+d)*—(n+d+ 1})7* N1 —a)
which is identical with ¢'(5). By (A19) the conditional density of /, given
§k = 1 —d iS

—o

«_ 9 @
¢ =% * plalt)

Hence the invariant distribution of /, is

r—

Y 1(1_a)l—2a
= T2 —a) fo (2= 2x)

PP =(l—a)a=*c*

i pialt)

a=1

p\(alt)da

In view of (A14), one has p{*(t) = c*I'(2 —a) (¢~ ) 1! =24 where

)1—201

o0 = [ Gt p 1) da
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When a=1/2, one obviously has (26). The Laplace transform of ¢ is
4222~ and so @(t)~ 1! ~2/[(2—2a), t - o, of pi*(t)=c"T(2—a)/
I'(2=2a)- (1 +0(1)), t > 0. Therefore | t9p{*(1) dt < o0, iff ¢ > — 1.
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